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A B S T R A C T

Multi-agent reinforcement learning (MARL) algorithms based on trust regions (TR) have achieved significant
success in numerous cooperative multi-agent tasks. These algorithms restrain the Kullback–Leibler (KL)
divergence (i.e., TR constraint) between the current and new policies to avoid aggressive update steps and
improve learning performance. However, the majority of existing TR-based MARL algorithms are on-policy,
meaning that they require new data sampled by current policies for training and cannot utilize off-policy
(or historical) data, leading to low sample efficiency. This study aims to enhance the data efficiency of TR-
based learning methods. To achieve this, an approximation of the original objective function is designed. In
addition, it is proven that as long as the update size of the policy (measured by the KL divergence) is restricted,
optimizing the designed objective function using historical data can guarantee the monotonic improvement of
the original target. Building on the designed objective, a practical off-policy multi-agent stochastic policy
gradient algorithm is proposed within the framework of centralized training with decentralized execution
(CTDE). Additionally, policy entropy is integrated into the reward to promote exploration, and consequently,
improve stability. Comprehensive experiments are conducted on a representative benchmark for multi-agent
MuJoCo (MAMuJoCo), which offers a range of challenging tasks in cooperative continuous multi-agent control.
The results demonstrate that the proposed algorithm outperforms all other existing algorithms by a significant
margin.
1. Introduction

1.1. Backgrounds

The combination of deep neural networks (DNNs) and conventional
reinforcement learning (RL) methods has led to the emergence of deep
reinforcement learning (DRL) in recent years. Because of the strong
representational capacity of DNNs, DRL has demonstrated remarkable
success in various domains. For example, Silver et al. (2016) combined
the Monte Carlo Tree Search (MCTS) with DNN to attain master-level
performance in the game of Go. Deep Q Network (DQN) (Mnih et al.,
2015) has attained human-level control in video games. Deep Deter-
ministic Policy Gradient (DDPG) (Lillicrap et al., 2016) demonstrated
strong performance in the continuous control of robotics. Shim and Li
(2017) introduced a spiking neural network (SNN)-based Q-learning al-
gorithm that offers a more biologically plausible approach and achieves
superior performance compared with Q-learning in collision avoidance
tasks.
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The previously introduced methods were designed for tasks in-
volving only one agent, and thus are referred to as single-agent RL
algorithms. Real-world scenarios often involve multiple interacting
agents. This study is dedicated to the design of an algorithm tailored
for cooperative multi-agent tasks such as networking packet routing
problems (Ye, Zhang, & Yang, 2015), traffic light coordination (Van
der Pol & Oliehoek, 2016), robot swarm control (Hüttenrauch, Šošić,
& Neumann, 2017), and coordination tasks involving unmanned aerial
vehicles (UAVs) (Cao, Yu, Ren, & Chen, 2013). By treating all agents
as a single entity, single-agent RL methods offer a straightforward
approach for training a centralized policy responsible for decision-
making on behalf of all agents. Nevertheless, practical situations may
have constraints such as partial visibility, communication limitations,
and privacy concerns, which can render fully centralized control im-
practical. In addition, even with full observation, training a set of
decomposed policies with a small action space is often easier than
training a centralized policy with a high-dimensional action space for
practical implementation (Weisz, Budzianowski, Su, & Gašić, 2018).
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Consequently, these factors necessitate the training of decentralized
policies that enable agents to operate in a distributed manner.

The most straightforward way to acquire decentralized policies is
to train each agent independently and consider other agents as part
of the environment, as demonstrated by independent Q-learning (Tan,
1993). However, this paradigm often results in an unstable training
process. This is because, from the viewpoint of any agent, the environ-
ment becomes nonstationary because of the changing policies of other
agents, thereby violating the stationary assumption necessary for RL
algorithms to converge. To address this challenge, multi-agent DDPG
(MADDPG) (Lowe et al., 2017) and counterfactual multi-agent policy
gradient (COMA) (Foerster, Farquhar, Afouras, Nardelli, & Whiteson,
2018) employed a centralized value function (trained on global infor-
mation) to guide the training of decentralized policies. This framework,
known as centralized training with decentralized execution (CTDE), has
gained popularity and become a standard framework in cooperative
MARL, inspiring a series of related studies (Chen, Li, Liu, Yang, & Gao,
2023; Guo, Tang, Zhang, & Liang, 2020; Hu, Hu, & Liao, 2022; Iqbal &
Sha, 2019; Kuba et al., 2022; Li & He, 2020; Peng et al., 2021; Rashid,
Farquhar, Peng, & Whiteson, 2020; Rashid et al., 2018; Son, Kim, Kang,
Hostallero, & Yi, 2019; Su, Adams, & Beling, 2021; Sunehag et al., 2018;
Wang et al., 2021; Wang, Han, Wang, Dong, & Zhang, 2020; Wang,
Ren, Liu, Yu, & Zhang, 2020; Wang, Zhang, Kim, & Gu, 2020; Wen
et al., 2022; Yang et al., 2020; Yu et al., 2022; Zhao, Zhu, Liu, Wang,
& Chen, 2023; Zhong, Kuba, Hu, Ji, & Yang, 2023; Zhou, Liu, Sui, Li,
& Chung, 2020).

MARL algorithms can be categorized into two primary classes:
value-based and policy-based. Most existing value-based MARL algo-
rithms follow a common methodology, which involves decomposing
the joint action-value function into individual action-value functions.
The most representative examples of this approach are Value Decom-
position Network (VDN) (Sunehag et al., 2018) and QMIX (Rashid
et al., 2018). VDN simply decomposes the joint action-value function
into the sum of individual action-value functions, whereas QMIX rep-
resents the joint action-value function as a monotonic mixing function
of individual action-value functions, offering broader applicability to
multi-agent tasks compared with VDN. Following these two pioneering
studies, numerous value-based MARL algorithms were developed using
the value decomposition (VD) technique (Rashid et al., 2020; Son et al.,
2019; Wang et al., 2021; Wang, Ren, et al., 2020; Yang et al., 2020;
Zhao et al., 2023). Despite their achievements, VD-based methods have
certain noteworthy limitations. The VD-based methods are based on
the Individual-Global-Max (IGM) assumption (Son et al., 2019). That
is, the global greedy action is equivalent to the ensemble of individual
greedy actions, which is a very strong assumption that is not always
satisfied in some tasks. As reported in Hu, Jiang, Harding, Wu, and
Liao (2021), QMIX fails in a simple cooperative matrix game when IGM
properties are not satisfied. Second, value-based MARL algorithms can
only address problems with low-dimensional (often one-dimensional)
discrete action spaces. Finally, the degree of centralization in value-
based MARL algorithms is typically higher than that in policy-based
methods1. Although these studies considered the CTDE framework, the
prevailing preference remains to share as little information as possible
among agents.

The policy-based methods also adhere to a similar paradigm, em-
ploying a centralized critic to guide the update of decentralized policies
(e.g., Foerster et al., 2018; Lowe et al., 2017). In Iqbal and Sha (2019),
the multi-attention actor–critic (MAAC) was proposed, which integrates
the attention mechanism into the centralized critic to enhance scala-
bility and effectiveness in complex multi-agent tasks. Su et al. (2021)
introduced the value decomposition actor–critic (VDAC), where the

1 For example, the agents in the policy-based COMA (Foerster et al., 2018)
nly need to share their actions in training. While in QMIX, the parameters
nd gradients of the individual action-value functions are also shared.
611
centralized critic is represented by mixing factored value functions
(similar to QMIX). Extending MADDPG, Peng et al. (2021) represents
the centralized critic similarly to VDAC but removes the monotonic con-
straint from the mixer, claiming enhanced representational capacity.
To address issues of centralized–decentralized mismatch, Wang, Han,
et al. (2020) presented a decomposed policy gradient algorithm (DOP)
adopting the VD technique. Investigating credit assignment problem in
MARL, Wang, Zhang, et al. (2020) proposed Shapley Q-value DDPG
(SQDDPG), allocating centralized Q-value to each agent based on Shap-
ley value method. Additionally, Zhou et al. (2020) formulates Learning
Implicit Credit Assignment (LICA) as a hyper-network for represent-
ing the centralized critic and integrating implicit information of the
global state into policy gradients through multiplicative association
with decentralized policies.

Policy-based methods adhere to a similar paradigm by employing a
centralized critic to guide the update of decentralized policies (e.g., Fo-
erster et al., 2018; Lowe et al., 2017). In Iqbal and Sha (2019), the
multi-attention actor-critic (MAAC) was proposed, which integrates the
attention mechanism into the centralized critic to enhance the scala-
bility and effectiveness in complex multi-agent tasks. Su et al. (2021)
introduced the actor–critic value decomposition (VDAC), in which the
centralized critic is represented by mixing factored value functions
(similar to QMIX). Extending MADDPG, Peng et al. (2021) represents
a centralized critic similar to VDAC but removes the monotonic con-
straint from the mixer, claiming enhanced representational capacity. To
address the issues of centralized–decentralized mismatch, Wang, Han,
et al. (2020) presented a decomposed policy gradient algorithm (DOP)
adopting the VD technique. Investigating the credit assignment problem
in MARL, Wang, Zhang, et al. (2020) proposed Shapley Q-value DDPG
(SQDDPG), which allocates a centralized Q-value to each agent based
on Shapley value method. Additionally, Zhou et al. (2020) formulated
the Learning Implicit Credit Assignment (LICA) as a hypernetwork to
represent the centralized critic and integrate implicit information of
the global state into policy gradients through multiplicative association
with decentralized policies.

The aforementioned policy-based methods can address issues re-
lated to multidimensional continuous action spaces and require less
information sharing during centralized training. Moreover, these meth-
ods are often theoretically justified, as demonstrated by the proven
convergence properties of Foerster et al. (2018), Su et al. (2021)
and Wang, Han, et al. (2020). Based on these advantages, policy-based
MARL algorithms are expected to outperform and be more applicable
than value-based approaches. However, as reported in Hu et al. (2021),
many of these methods (Peng et al., 2021; Su et al., 2021; Wang,
Han, et al., 2020; Zhou et al., 2020) have exhibited poor perfor-
mance. This could be attributed to occasional aggressive policy updates.
The convergence condition of the actor-critic framework suggests that
the update timescales for the critic and actor should be sufficiently
slow; further, the actor should be updated sufficiently slower than
the critic (Foerster et al., 2018). However, the second half of the
condition is overly strict and can significantly impede the learning
process. Consequently, practical algorithms typically adopt a moderate
learning rate scale (e.g., [10−4, 10−3]). Nevertheless, even with a moder-
ate update size, instances of aggressive updates may still exist, leading
to poor policy updates and instability. Furthermore, within the actor-
critic framework, where both policy and value functions are trained
jointly and influence each other’s updates, incorrect policy updates can
misguide value function updates, and misguided value functions can
subsequently mislead further policy updates. Therefore, the instability
caused by erroneous policy updates will be further amplified within this
coupled learning framework. Previous studies on policy-based methods
have primarily focused on designing critics. However, the stability of
policy updates has been neglected, which may critically contribute to
their underperformance.

The above discussion suggests that ensuring stable policy updates

may be a key factor in improving the performance of policy-based
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algorithms. However, simply using smaller learning rates for policy
updates is insufficient because they cannot guard against occasional
aggressive updates while maintaining the desired learning speed (Wang
et al., 2017). To address the dilemma between learning stability and
speed, Schulman, Levine, Abbeel, Jordan, and Moritz (2015) proposed
single-agent trust region policy optimization (TRPO), providing a safe
and robust way to update policy. Specifically, Schulman et al. (2015)
constrained the Kullback–Leibler (KL) divergence (i.e., the trust region
constraint) between the current and new policies to avoid aggressive
updates to stabilize the learning process. In addition, a monotonic
improvement guarantee for TRPO is provided. Following TRPO, a series
of TR-based successors (e.g., Meng, Zheng, Shi, & Pan, 2022; Schulman,
Wolski, Dhariwal, Radford, & Klimov, 2017; Wang et al., 2017; Wang,
He, & Tan, 2020; Wu, Mansimov, Grosse, Liao, & Ba, 2017) have
been developed and have achieved superior performance on a range of
single-agent tasks, the most well-known of which is probably proximal
policy optimization (PPO) in Schulman et al. (2017).

Inspired by the success of trust region (TR)-based methods in single-
agent domains, Guo et al. (2020) extended PPO to multi-agent PPO
(MAPPO) by introducing the CTDE framework, achieving good per-
formance in a handover control problem in a wireless communica-
tion network. Concurrently, Yu et al. (2022) conducted extensive ex-
periments on MAPPO and demonstrated its superiority over other
approaches for multi-agent StarCraft tasks (Samvelyan et al., 2019).
Building upon this work, Hu et al. (2022) further improved MAPPO
with minor modifications to the critic input. Additionally, Li and He
(2020) proposed a Multi-Agent TRPO (MATRPO), which exhibits a
learning performance comparable to that of a fully centralized TRPO.
Heterogeneous-agent TRPO (HATRPO) and Heterogeneous-Agent PPO
(HAPPO) were introduced in Kuba et al. (2022), where HATRPO was
proven to have a monotonic improvement guarantee and claimed to
achieve state-of-the-art performance on multi-agent MuJoCo (MaMu-
JoCo) benchmarks (Peng et al., 2021), which are known for their
challenging nature in continuous control settings. Multi-agent trust
region optimization (MATRO), proposed in Wen et al. (2022), leverages
Nash equilibrium concepts and demonstrates strong performance across
MaMuJoCo environments, switch grid worlds, and Atari games. The
heterogeneous-agent reinforcement learning (HARL) framework was
presented in Zhong et al. (2023), which strengthened the theoretical
explanations for HATRPO and HAPPO.

1.2. Motivation and contributions

By incorporating the TR constraint, policy-based MARL methods
have demonstrated improved learning performance. In conjunction
with the advantages outlined in the previous subsection, TR-based
MARL algorithms possess greater power than their value-based coun-
terparts. However, all the existing TR-based MARL algorithms are
operated in an on-policy fashion. This implies that each gradient update
requires newly sampled data from current policies, which in turn limits
the sample efficiency. In addition, these TR-based methods may suffer
from poor exploration, leading to a higher likelihood of becoming
stuck in local optima and also makes them brittleness concerning
hyperparameters.

Motivated by the above challenges, this study aims to improve
the sampling efficiency and exploration capability of TR-based meth-
ods. An entropy-augmented objective is formulated to enhance policy
exploration. Because of the intractability of the original objective,
a novel surrogate objective function that approximates the original
objective is proposed. The main advantages of the proposed objective
are threefold. (1) The joint original objective is approximated as the
sum of the decomposed individual objectives of each agent without
requiring the IGM assumption. (2) Off-policy data can be used to
achieve the proposed objectives. (3) A critical theorem proves that
optimizing the surrogate objective under the KL divergence constraint
612

guarantees a monotonic improvement of the original objective. Based
on the proposed surrogate objective, a practical off-policy MARL al-
gorithm is presented. The reparameterization technique is adopted to
obtain a low-variance estimator. The update size of the policy was
controlled by introducing a KL penalty term, and the penalty factor
is automatically adjusted to achieve the desired KL divergence value.
Finally, comprehensive experiments on the MaMuJoCo benchmark are
conducted to demonstrate the superiority of the proposed method. The
simulation results highlight that the approach significantly outperforms
all other algorithms in terms of average return and sample efficiency.
The main contributions of this study are summarized as follows.

• A novel surrogate objective function is developed, that can utilize
off-policy data in training. The scaled policy entropy is added to
the reward function to enhance policy exploration. It is proved
that the monotonic improvement of this surrogate objective func-
tion can guarantee the monotonic improvement of policies.

• Based on the proposed objective, a practical MARL algorithm
with off-policy implementation is proposed. Comprehensive ex-
periments on the benchmark MaMuJoCo are conducted to show
the superiority of the proposed method.

The remainder of this paper is organized as follows. Some nec-
essary backgrounds and definitions are introduced in Section 2. Sec-
tion 3 presents the proposed objective and relevant analyses. Section 4
presents the practical implementation of the proposed algorithm. Nu-
merical simulations and a discussion of the developed algorithm are
presented in Section 5. Finally, Section 6 concludes this study and
introduces directions for our future work.

2. Preliminaries

In this section, the relevant background information on MARL is
provided.

2.1. Cooperative Markov game

A fully cooperative Markov game (Littman, 1994) with 𝑁 agents is
considered, which is described by a tuple ⟨𝑵 , ,, 𝑃 , 𝑟, 𝛾⟩. The agent
index set is denoted by 𝑵 = {1, 2,… , 𝑁},  represents the system state
space, and  =

∏𝑁
𝑖=1 

𝑖 is the Cartesian product of the action spaces
of all agents, also known as the joint action space. 𝑃 ∶  × → ()
denotes the transition probability function, where () represents the
set of probability measures on . 𝑟 ∶  ×  → R denotes the shared
reward function. Additionally, 𝛾 ∈ [0, 1) denotes the discount factor.

In particular, at each time step 𝑡, the system state is denoted by
𝑠𝑡 ∈ . Each agent 𝑖 executes action 𝑎𝑖𝑡 ∈ 𝑖 according to its individual
policy 𝜋𝑖(⋅|𝑠𝑡). The collection of individual actions forms a joint action
𝒂𝑡 = (𝑎1𝑡 ,… , 𝑎𝑁𝑡 ). Subsequently, the agents receive the shared reward
𝑟𝑡 = 𝑟(𝑠𝑡,𝒂𝑡) and the system transitions to the next state 𝑠𝑡+1 ∼ 𝑃 (⋅|𝑠𝑡,𝒂𝑡).

The standard action-value, state-value, and the advantage functions
are defined as follows:

𝑄𝝅 (𝑠,𝒂) = E𝜏∼𝝅{
∞
∑

𝑘=0
𝛾𝑘𝑟𝑡+𝑘|𝑠𝑡 = 𝑠,𝒂𝑡 = 𝒂} (1a)

𝑉 𝝅 (𝑠) = E𝜏∼𝝅{
∞
∑

𝑘=0
𝛾𝑘𝑟𝑡+𝑘|𝑠𝑡 = 𝑠} (1b)

𝐴𝝅 (𝑠,𝒂) = 𝑄𝝅 (𝑠,𝒂) − 𝑉 𝝅 (𝑠), (1c)

respectively, where 𝝅 =
∏𝑁

𝑖=1 𝜋
𝑖 is the joint policy of all agents and

𝜏 = (𝑠𝑡,𝒂𝑡, 𝑠𝑡+1,…) indicates the trajectory generated by applying 𝝅. In
(MA)RL, the target is to maximize the expected value function

max
𝜋1 ,…,𝜋𝑁

𝜂(𝝅) = E𝑠0∼𝑝0{𝑉
𝝅 (𝑠0)}, (2)

where 𝑝0(𝑠) is the initial state distribution.
For an arbitrary policy 𝝅̃ and 𝝅, the following holds (Schulman

et al., 2015)

𝜂(𝝅̃) =𝜂(𝝅) + E {𝐴𝝅 (𝑠,𝒂)},
𝑠∼𝜌𝝅̃ ,𝑎∼𝝅̃ (3)
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where 𝜌𝝅̃ (𝑠) =
∑∞

𝑡=0 𝛾
𝑡𝑃 (𝑠𝑡 = 𝑠|𝝅̃) is the (unnormalized) discounted state

distribution.
Partially observable: In some scenarios, the global state 𝑠𝑡 may be

unavailable. For example, in poker games, even teammates’ cards may
be unknown. In such cases, each agent 𝑖 ∈  can only make decisions
based on its local observation 𝑜𝑖𝑡, that is, 𝑎𝑖𝑡 ∼ 𝜋𝑖(⋅|𝑜𝑖𝑡). In this study,
the analysis is conducted within a fully observable setting, whereas
partially observable scenarios are discussed in the experimental section.

2.2. CTDE

Centralized Training with Decentralized Execution (CTDE) is widely
regarded as the predominant paradigm in cooperative multi-agent
tasks. Its application in MARL was pioneered in Lowe et al. (2017)
and Foerster et al. (2018). CTDE enables agents to train their individual
policies using global information, including actions taken by other
agents, and allows the sharing of policy parameters and gradients.
However, during the execution phase, agents are constrained to make
decisions based solely on their decentralized policies without any
provision for information sharing. This study aims to develop an MARL
algorithm that operates within the CTDE framework.

2.3. TRPO and off-policy TRPO

In this subsection, two single-agent RL algorithms, TRPO (Schulman
et al., 2015) and off-policy TRPO (Meng et al., 2022), are briefly
introduced.

It can be observed from Eq. (3) that if E𝑠∼𝜌𝝅̃ ,𝑎∼𝝅̃{𝐴
𝝅 (𝑠,𝒂)} ≥ 0,

updating from 𝝅 to 𝝅̃ will lead to an improvement of 𝜂(𝝅). However,
because of the implicit form of 𝜌𝝅̃ (𝑠) and also the intricate dependency
of 𝜌𝝅̃ (𝑠) on 𝝅̃, optimizing Eq. (3) directly is impractical. Therefore,
an approximation to 𝜂(𝝅̃) is proposed by replacing 𝜌𝝅̃ (𝑠) with 𝜌𝝅 (𝑠) as
follows:

𝐿𝝅 (𝝅̃) =𝜂(𝝅) + E𝑠∼𝜌𝝅 ,𝑎∼𝝅̃{𝐴
𝝅 (𝑠,𝒂)}. (4)

Let DKL(⋅ ∥ ⋅) denote the Kullback–Leibler (KL) divergence, which
quantifies the similarity between two probability distributions. More
clearly, DKL(𝝅(⋅|𝑠) ∥ 𝝅̃(⋅|𝑠)) =

∑

𝒂∈ 𝝅(𝒂|𝑠) log 𝝅(𝒂|𝑠)
𝝅̃(𝒂|𝑠) . Besides, define

Dmax
KL (𝝅, 𝝅̃) = max𝑠 DKL(𝝅(⋅|𝑠) ∥ 𝝅̃(⋅|𝑠)). The relationship between 𝐿𝝅 (𝝅̃)

and 𝜂(𝝅̃) is given by Schulman et al. (2015)

𝜂(𝝅̃) ≥ 𝐿𝝅 (𝝅̃) −
4𝜖𝛾

(1 − 𝛾)2
Dmax

KL (𝝅, 𝝅̃), (5)

where 𝜖 = max𝑠,𝒂 |𝐴𝝅 (𝑠,𝒂)|, Eq. (5) suggests that maximizing the
right-hand side improves the original objective.

In order to achieve larger and more robust update sizes, Schulman
et al. (2015) relaxed the problem, max𝝅̃ 𝐿𝝅 (𝝅̃) −

4𝜖𝛾
(1−𝛾)2 Dmax

KL (𝝅, 𝝅̃), by
transforming the penalty associated with the maximum KL divergence
into a constraint involving the average KL. The relaxed problem is given
by

max
𝝅̃

𝐿𝝅 (𝝅̃) (6a)

𝑠.𝑡. ∶ D̄𝜌𝝅
KL(𝝅, 𝝅̃) ≤ 𝛿, (6b)

where D̄𝜌𝝅
KL(𝝅, 𝝅̃) = E𝑠∼𝜌𝝅 {DKL(𝝅(⋅|𝑠) ∥ 𝝅̃(⋅|𝑠))} is the average KL

divergence. Finally, Schulman et al. (2015) provided an approximate
solution to the problem (6) by employing a linear approximation of the
objective function and a quadratic approximation of the KL constraint.
Using this approximation, a closed-form formula for policy updating
was derived.

To enhance sample efficiency, the off-policy TRPO in Meng et al.
(2022) further proposed the following local approximation to 𝜂(𝝅̃):

𝐿𝝅,𝒃(𝝅̃) =𝜂(𝝅) + E𝑠∼𝜌𝒃 ,𝑎∼𝝅̃{𝐴
𝝅 (𝑠,𝒂)}, (7)

where 𝜌𝒃 is the discounted state distribution generated by an arbitrary
613

behavior policy 𝒃. Eq. (7) indicates that off-policy data can be used d
to estimate 𝐿𝝅,𝒃(𝝅̃). The following relationship is given in Meng et al.
(2022):

𝜂(𝝅̃) ≥ 𝐿𝝅,𝒃(𝝅̃) −
4𝜖𝛾

(1 − 𝛾)2
(

Dmax
KL (𝝅, 𝝅̃)

+
√

Dmax
KL (𝒃,𝝅)Dmax

KL (𝝅, 𝝅̃)
)

,
(8)

Finally, similar to the on-policy TRPO, the policy is updated by repeat-
edly solving the following optimization problem

max
𝝅̃

𝐿𝝅,𝒃(𝝅̃) (9a)

𝑠.𝑡. ∶
√

D̄𝜌𝒃
KL(𝝅, 𝝅̃) ⋅ D̄𝜌𝒃

KL(𝒃,𝝅) + D̄𝜌𝒃
KL(𝝅, 𝝅̃) ≤ 𝛿, (9b)

The solution to (9) is similar to that of the on-policy TRPO in (6).

3. Off-policy multi-agent policy gradient

To enhance the stability and exploration, as in Haarnoja, Zhou,
Abbeel, and Levine (2018), an entropy-augmented reward is adopted,
which is given by

𝑟𝝅𝑡 = 𝑟𝑡 + 𝛼(𝝅(⋅|𝑠𝑡)), (10)

where 𝛼 ≥ 0 is the entropy coefficient and (⋅) is the entropy function;
that is, (𝑝(𝑥)) = −

∑

𝑥 𝑝(𝑥) log 𝑝(𝑥). By replacing 𝑟𝑡 with 𝑟𝝅𝑡 , the standard
action- and state-value functions in Eqs. (1) are transformed into soft-
value functions. According to Haarnoja, Zhou, Abbeel, and Levine
(2018), the soft Q- and V-functions have the following relationships:

𝑄𝝅 (𝑠,𝒂) = 𝑟(𝑠,𝒂) + 𝛾E𝑠′∼𝑃 (⋅|𝑠,𝒂){𝑉 𝝅 (𝑠′)} (11a)

𝑉 𝝅 (𝑠) = E𝒂∼𝝅{𝑄𝝅 (𝑠,𝒂) − 𝛼 log𝝅(𝒂|𝑠)}. (11b)

hen 𝛼 = 0, (11a) and (11b) degenerate into (1a) and (1b), respec-
ively.

emma 1. For arbitrary policies 𝝅̃ and 𝝅, the expected value function
atisfies the following relationship

(𝝅̃) =𝜂(𝝅) + E𝜏∼𝝅̃{
∞
∑

𝑡=0
𝛾 𝑡[𝐴𝝅 (𝑠𝑡,𝒂𝑡) + 𝛼 log

𝝅(𝒂𝑡|𝑠𝑡)
𝝅̃(𝒂𝑡|𝑠𝑡)

]}, (12)

where 𝐴𝝅 (𝑠𝑡,𝒂𝑡) = 𝑄𝝅 (𝑠𝑡,𝒂𝑡) − 𝑉 𝝅 (𝑠𝑡) − 𝛼 log𝝅(𝒂𝑡|𝑠𝑡) is the soft advantage
unction.

roof. Please see Appendix A. □

Eq. (12) can be rewritten as the sum of the states instead of the time
teps:

(𝝅̃) =𝜂(𝝅) +
∑

𝑠

∞
∑

𝑡=0
𝛾 𝑡𝑃 (𝑠𝑡 = 𝑠|𝝅̃)×

∑

𝒂
𝝅̃(𝒂|𝑠)[𝐴𝝅 (𝑠,𝒂) − 𝛼 log

𝝅̃(𝒂|𝑠)
𝝅(𝒂|𝑠)

]

=𝜂(𝝅) + E𝑠∼𝜌𝝅̃ ,𝑎∼𝝅̃{𝐴
𝝅 (𝑠,𝒂) − 𝛼 log

𝝅̃(𝒂|𝑠)
𝝅(𝒂|𝑠)

}.

(13)

Obviously, if E𝑠∼𝜌𝝅̃ ,𝑎∼𝝅̃{𝐴
𝝅 (𝑠,𝒂)−𝛼 log 𝝅̃(𝒂|𝑠)

𝝅(𝒂|𝑠) } ≥ 0 can be guaranteed, the
target 𝜂(𝝅) will be improved. However, for a reason similar to that of
TRPO, it is impractical to optimize Eq. (13).

Therefore, a tractable approximation objective is required. In ad-
dition, data collection is typically expensive in real-world scenarios.
Hence, the objective should be to allow the use of off-policy data in
its estimation. In addition, a multi-agent scenario is studied in which
each agent aims to optimize its individual policies. Joint policy 𝝅 is
bserved to be coupled with decentralized policies, indicating that each
gent must access the parameters and gradients of the other agents’
olicies during the learning phase. However, despite employing the
TDE framework, reducing information sharing among agents remains
esirable; thus, a decoupling joint policy is favored. Based on the above
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reasons and inspired by the off-policy TRPO and on-policy MAPPO, this
study proposes an approximation to 𝜂(𝝅̃):

𝐿𝝅,𝒃(𝝅̃) = 𝜂(𝝅) +
𝑁
∑

𝑖=1
E𝑠∼𝜌𝒃 ,𝑎∼𝝅{

𝜋̃𝑖(𝑎𝑖|𝑠)
𝜋𝑖(𝑎𝑖|𝑠)

𝐴𝝅 (𝑠,𝒂)}

− 𝛼E𝑠∼𝜌𝒃{DKL(𝝅̃(⋅|𝑠) ∥ 𝝅(⋅|𝑠))},

(14)

where 𝜌𝒃 is the discounted state distribution generated by an arbi-
trary behavior policy 𝒃. Eq. (14) indicates that the estimation of the
approximated objective does not need to follow the on-policy state
data generated by the current policy but can use an arbitrary behavior
policy.

Policies in reinforcement learning are commonly represented by
parameterized functions that can be easily handled, such as deep neural
networks (DNNs). In this study, the current policy 𝜋𝑖 for each agent
𝑖 is parameterized as 𝜋𝑖

𝜃𝑖
, where 𝜃𝑖 represents a parameter vector.

Similarly, policy 𝜋̃𝑖 is parameterized as 𝜋̃𝑖
𝜃𝑖

with parameters 𝜃𝑖. Let 𝜽 =
{𝜃1,… , 𝜃𝑁} and 𝜽̃ = {𝜃1,… , 𝜃𝑁}. For brevity, we still use the symbols
𝑖 and 𝜋̃𝑖, which implicitly refer to their respective parameterizations by

𝜃𝑖 and 𝜃𝑖. Using this parametric representation, we present the following
proposition.

Proposition 1. Given the policies 𝝅 = {𝜋1,… , 𝜋𝑁}, 𝜽 is updated
ccording to
′ = 𝜽 + 𝛼𝜃∇𝜽̃𝐿𝝅,𝒃(𝝅̃)|𝜽̃=𝜽, (15)

here 𝛼𝜃 denotes the update size. If policies have a tabular representation
i.e., separate parameters for each state 𝑠), then there exists 𝜖 > 0 such that
or all 𝛼𝜃 < 𝜖,

(𝝅′) ≥ 𝜂(𝝅). (16)

roof. The proof is provided in Appendix B. □

Proposition 1 suggests that updating tabularly represented policies
sing the policy gradient of (14) can enhance the original target,
iven an appropriate update size. However, the application of tabularly
epresented policies is often impractical in real-world tasks because
f their typically large and/or continuous state spaces. In such cases,
here the tabular condition is not met, the policy improvement claim

n Proposition 1 may not hold.2 Specifically, if the policy parameters are
elevant across different states, it remains uncertain whether updating

by using the gradient in (14) improves the original objective. To
ddress this concern, Theorem 1 provides a more general relation-
hip between 𝐿𝝅,𝒃(𝝅̃) and 𝜂(𝝅̃) that does not rely on tabular policy
ssumptions.

heorem 1. Define

𝝅,𝒃(𝝅̃) = 𝐿𝝅,𝒃(𝝅̃) −
2𝑁𝜖
1 − 𝛾

max
𝑖

√

Dmax
KL (𝜋𝑖, 𝜋̃𝑖)

− 2𝑁𝛼
(1 − 𝛾)

max
𝑖
Dmax
KL (𝜋̃𝑖, 𝜋𝑖).

(17)

hus, 𝜂(𝝅̃) ≥ 𝑀𝝅,𝒃(𝝅̃).

roof. The proof is provided in Appendix C. □

When 𝝅̃ = 𝝅, Dmax
KL (𝜋𝑖, 𝜋̃𝑖) = Dmax

KL (𝜋̃𝑖, 𝜋𝑖) = 0. Furthermore, E𝑎∼𝝅
𝐴𝝅 (𝑠,𝒂)

}

= 0. Therefore, it can be obtained that 𝑀𝝅,𝒃(𝝅) = 𝜂(𝝅), so
hat 𝜂(𝝅̃) − 𝜂(𝝅) ≥ 𝑀𝝅,𝒃(𝝅̃) −𝑀𝝅,𝒃(𝝅).

Therefore, if the lower bound 𝑀𝝅,𝒃(𝝅̃) is improved iteratively, then
he original target 𝜂(𝝅̃) is also improved monotonically. In other words,

in each iteration round (𝑘 = 0, 1,…), if

𝑘+1 = argmax
𝝅̃

𝑀𝝅𝑘 ,𝒃(𝝅̃), (18)

2 For the special case 𝒃 = 𝝅; that is, in the on-policy case, the claim still
olds even without satisfying the tabular condition
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the original target must be non-decreasing; that is, 𝜂(𝝅𝑘+1) ≥ 𝜂(𝝅𝑘).
The objective of problem (18) is to maximize 𝐿𝝅,𝒃(𝝅̃) while mini-

izing the KL divergence. However, optimizing 𝑀𝝅,𝒃(𝝅̃) remains chal-
enging because the maximum operator applies to the KL divergence
ver state 𝑠, resulting in an excessively large number of constraints.
herefore, similar to Schulman et al. (2015), the KL penalties in 𝑀𝝅,𝒃(𝝅̃)
re transferred into constraints, and the maximum KL divergence is
eplaced by the averaged divergence over state 𝑠. Subsequently, the
roblem in (18) is transformed into

max
𝝅̃

𝐿𝝅,𝒃(𝝅̃) (19a)

.𝑡. ∶ D̄𝜌𝒃
KL(𝜋

𝑖, 𝜋̃𝑖) ≤ 𝛿𝑖1,∀𝑖 ∈  (19b)

D̄𝜌𝒃
KL(𝜋̃

𝑖, 𝜋𝑖) ≤ 𝛿𝑖2,∀𝑖 ∈  (19c)

here 𝛿𝑖1 and 𝛿𝑖2 denote the desired trust regions.
In this study, the squashed Gaussian policy (see Appendix D for

introduction) is adopted in the experiments, which is the most common
choice for continuous RL tasks (Andrychowicz et al., 2020). Accord-
ing to theorem 2 in Zhang, Liu, Chen, Wang, and Li (2021), when
using a (squashed) Gaussian policy3, if D̄𝜌𝒃

KL(𝜋
𝑖, 𝜋̃𝑖) ≤ 𝛿𝑖1, it holds

that D̄𝜌𝒃
KL(𝜋̃

𝑖, 𝜋𝑖) ≤ 𝛿𝑖1 + 2(𝛿𝑖1)
1.5 + ((𝛿𝑖1)

2) = 𝛿𝑖2. This observation
uggests that ensuring (19b) guarantees constraint (19c). Therefore,
o further simplify the problem (19), we neglect constraint (19c).
or more general cases where quantitative analysis like Gaussian is
hallenging, empirically restraining D̄𝜌𝒃

KL(𝜋
𝑖, 𝜋̃𝑖) can still effectively re-

train D̄ 𝜌𝒃
KL (𝜋̃𝑖, 𝜋𝑖). Thus, this simplification remains reasonable from a

ractical perspective.
According to the additive property of KL divergence,

KL(𝝅̃(⋅|𝑠) ∥ 𝝅(⋅|𝑠)) =
𝑁
∑

𝑖=1
DKL(𝜋̃𝑖(⋅|𝑠) ∥ 𝜋𝑖(⋅|𝑠)) (20)

=
𝑁
∑

𝑖=1
E𝒂∼𝝅{

𝜋̃𝑖(𝑎𝑖|𝑠)
𝜋𝑖(𝑎𝑖|𝑠)

log
𝜋̃𝑖(𝑎𝑖|𝑠)
𝜋𝑖(𝑎𝑖|𝑠)

}.

Plugging Eq. (20) into 𝐿𝝅,𝒃(𝝅̃) and expanding 𝐴𝝅 (𝑠,𝒂), we obtain that

𝝅,𝒃(𝝅̃) = 𝜂(𝝅) +
𝑁
∑

𝑖=1
E𝑠∼𝜌𝒃 ,𝑎∼𝝅{

𝜋̃𝑖(𝑎𝑖|𝑠)
𝜋𝑖(𝑎𝑖|𝑠)

[𝑄𝝅 (𝑠,𝒂)

− 𝑉 𝝅 (𝑠) − 𝛼 log𝝅−𝑖(𝒂−𝑖|𝑠) − 𝛼 log 𝜋̃𝑖(𝑎𝑖|𝑠)]},

(21)

where 𝒂−𝑖 and 𝝅−𝑖 indicate the joint actions and policies other than
those of agent 𝑖, respectively.

Note that in Eq. (21), for a given 𝝅, the terms 𝜂(𝝅), E𝑎∼𝝅{
𝜋̃𝑖(𝑎𝑖|𝑠)
𝜋𝑖(𝑎𝑖|𝑠)𝑉

𝝅 (𝑠)}

nd E𝑎∼𝝅{
𝜋̃𝑖(𝑎𝑖|𝑠)
𝜋𝑖(𝑎𝑖|𝑠) log𝝅

−𝑖(𝒂−𝑖|𝑠)} remain constant in each iteration round
nd can thus be omitted. Therefore, the objective 𝐿𝝅,𝒃(𝝅̃) is simplified as

𝝅,𝒃(𝝅̃) =
𝑁
∑

𝑖=1
E𝑠∼𝜌𝒃 ,𝑎∼𝝅{

𝜋̃𝑖(𝑎𝑖|𝑠)
𝜋𝑖(𝑎𝑖|𝑠)

[𝑄𝝅 (𝑠,𝒂) − 𝛼 log 𝜋̃𝑖(𝑎𝑖|𝑠)]}.
(22)

With the above simplifications, the joint problem in (19) is decom-
osed into the following 𝑁 subproblems for each agent 𝑖 ∈ 𝑵

max
𝜋̃𝑖

𝐿𝑖
𝝅,𝒃(𝜋̃

𝑖) (23a)

.t. ∶ D̄𝜌𝒃
KL(𝜋

𝑖, 𝜋̃𝑖) ≤ 𝛿𝑖, (23b)

here
𝑖
𝝅,𝒃(𝜋̃

𝑖) =

E𝑠∼𝜌𝒃 ,𝑎∼𝝅{
𝜋̃𝑖(𝑎𝑖|𝑠)
𝜋𝑖(𝑎𝑖|𝑠)

[𝑄𝝅 (𝑠,𝒂) − 𝛼 log 𝜋̃𝑖(𝑎𝑖|𝑠)]},
(24)

3 Theorem 2 in Zhang et al. (2021) originally applies to Gaussian
olicies. However, since squashing by tanh(⋅) does not affect the KL diver-

gence (Andrychowicz et al., 2020), this theorem also holds for squashed
Gaussian policies.
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𝛿𝑖 is the desired KL constraint for agent 𝑖. It can be observed that in
contrast to problem (9) (single-agent off-policy TRPO), problem (23)
indicates that each agent 𝑖 only needs to limit the update step between
𝜋̃𝑖 and 𝜋𝑖. However, it is unnecessary to consider the KL divergence
between 𝝅 and the behavior policy 𝒃.

Two popular existing methods can be applied to solve the prob-
lem (23). The first method is the approximated solution provided by
TRPO. Although TRPO can reliably ensure the KL constraint, it requires
taking second-order derivatives of the KL divergence and repeatedly
computing the Fisher vector products for each update. Therefore, TRPO
is computationally expensive, particularly in large and multi-agent
domains. The second method is the clip mechanism proposed in PPO.
PPO heuristically removes the KL constraint and restricts the update
step by clipping the ratio of new and current policies. Although PPO
requires only first-order gradients, this clip mechanism comes into
effect only when the probability ratio has already exceeded the clip
range. As a result, it cannot reliably limit the probability ratio within
the clip range and therefore fails to constrain the KL divergence (Wang,
He, & Tan, 2020).

Owing to these limitations, the two aforementioned methods cannot
be adopted. This paper proposes a method that relies solely on first-
order gradients (i.e., low computational complexity) and can effectively
restrain the KL constraint. To achieve this objective, the following
lemma is proposed:

Lemma 2. The problem (23) is convex in 𝜋̃𝑖.

Proof. In the objective (23a), E𝑠∼𝜌𝒃 ,𝑎∼𝝅{
𝜋̃𝑖(𝑎𝑖|𝑠)
𝜋𝑖(𝑎𝑖|𝑠)𝑄

𝝅 (𝑠,𝒂)} is linear in 𝜋̃𝑖

and −E𝑠∼𝜌𝒃 ,𝑎∼𝝅{
𝜋̃𝑖(𝑎𝑖|𝑠)
𝜋𝑖(𝑎𝑖|𝑠)𝛼 log 𝜋̃

𝑖(𝑎𝑖|𝑠)} = 𝛼E𝑠∼𝜌𝒃{(𝜋̃𝑖(⋅|𝑠))} is concave in
𝜋̃𝑖. The constraint (23b) is convex because of the convexity of the KL
divergence. Therefore, the problem (23) is convex in 𝜋̃𝑖. □

Owing to the convexity, the following Lagrangian function is con-
structed,

𝐽 (𝜋̃𝑖, 𝛽𝑖) = 𝐿𝑖
𝝅,𝒃(𝜋̃

𝑖) − 𝛽𝑖(D̄𝜌𝒃
KL(𝜋

𝑖, 𝜋̃𝑖) − 𝛿𝑖). (25)

Subsequently, a dual gradient update procedure is applied to update 𝜋̃𝑖

and 𝛽𝑖 alternately (Boyd, Boyd, & Vandenberghe, 2004). Specifically,
for a given 𝛽𝑖, 𝜋𝑖

∗ is obtained by maximizing (25); that is,

𝜋𝑖
∗ = argmax

𝜋̃𝑖
𝐿𝑖
𝝅,𝒃(𝜋̃

𝑖) − 𝛽𝑖D̄𝜌𝒃
KL(𝜋

𝑖, 𝜋̃𝑖) (26)

With the given 𝜋𝑖
∗, 𝛽𝑖 is updated according to

𝛽𝑖 ← 𝛽𝑖 − 𝜆𝛽𝑖 (D̄
𝜌𝒃
KL(𝜋

𝑖, 𝜋𝑖
∗) − 𝛿𝑖), (27)

where 𝜆𝛽𝑖 denotes the update size of 𝛽𝑖.
In practical implementations, it is unrealistic to fully optimize the

Lagrangian function (25) with respect to the primal variables. How-
ever, a truncated version, that performs an incomplete optimization
(even for a single gradient step) converges for convex problems (Boyd
et al., 2004). It should be noted that the primal problem in (23) is
convex in the policy space; however, practical implementations often
parameterize the policy using nonlinear function approximators, such
as neural networks, and optimize it in the parameter space rather than
the policy space. Consequently, the convexity may not hold anymore.
Nevertheless, the experimental findings indicate that this approach
effectively constrains the KL divergence.

4. Practical implementation

In this section, based on problems (26) and (27), the practical
algorithm is given. As mentioned in the previous section, 𝜋𝑖 and 𝜋̃𝑖

are implicitly parameterized by 𝜃𝑖 and 𝜃𝑖, respectively. In addition,
the centralized Q-function 𝑄𝝅 is parameterized by 𝑄𝜙 with parameter
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vector 𝜙.
First, we consider the estimator 𝐿𝑖
𝝅,𝒃(𝜋̃

𝑖). A typical estimator of
𝐿𝑖
𝝅,𝒃(𝜋̃

𝑖) is based on importance sampling, as in off-policy TRPO (Meng
et al., 2022) and off-policy actor–critics (Degris, White, & Sutton,
2012). More clearly, 𝐿𝑖

𝝅,𝒃(𝜋̃
𝑖) can be transformed into

E𝑠∼𝜌𝒃 ,𝑎∼𝒃{
𝜋̃𝑖(𝑎𝑖|𝑠)
𝜋𝑖(𝑎𝑖|𝑠)

𝝅(𝒂|𝑠)
𝒃(𝒂|𝑠)

[𝑄𝝅 (𝑠,𝒂) − 𝛼 log 𝜋̃𝑖(𝑎𝑖|𝑠)]}. (28)

owever, this estimator might result in high variance because the joint
robability density ratio 𝝅(𝒂|𝑠)

𝒃(𝒂|𝑠) may be extremely large (even going to
infinity), especially in continuous action and multi-agent cases.

Therefore, the reparameterization technique, which can provide a
low-variance estimator and is simpler to implement, was adopted. To
this end, Eq. (28) is first rewritten as

E𝑠∼𝜌𝒃 ,𝒂−𝑖∼𝝅−𝑖 ,𝑎𝑖∼𝜋̃𝑖{𝑄
𝝅 (𝑠,𝒂−𝑖, 𝑎𝑖) − 𝛼 log 𝜋̃𝑖(𝑎𝑖|𝑠)}. (29)

n reparameterization, the action of 𝜋̃𝑖 is reparameterized as
𝑖 = 𝑓𝜃𝑖 (𝑠; 𝜺), (30)

here 𝜺 denotes the noise vector sampled from some fixed stochastic
istribution  . In this study, the squashed Gaussian policy is adopted,
nd a detailed introduction is provided in Appendix D. Then, 𝐿𝑖

𝝅,𝒃(𝜋̃
𝑖)

is reparameterized as

𝐿𝑖
𝝅,𝒃(𝜋̃

𝑖) = E𝑠∼𝜌𝒃 ,𝒂−𝑖∼𝝅−𝑖 ,𝜺∼ {𝑄𝝅 (𝑠,𝒂−𝑖, 𝑓𝜃𝑖 (𝑠; 𝜺))

− 𝛼 log 𝜋̃𝑖(𝑓𝜃𝑖 (𝑠; 𝜺)|𝑠)}.
(31)

ccording to the chain rule, the gradient of 𝐿𝑖
𝝅,𝒃(𝜋̃

𝑖) is given by Eq. (32),
here 𝑄𝝅 is estimated by the tractable approximator 𝑄𝜙, and E𝑠∼𝜌𝒃{⋅}

s replaced by E𝑠∼{⋅}. E𝑠∼{⋅} is the sample average over state 𝑠 from
he replay buffer  that stores historical data because 𝜌𝒃 can be an
rbitrary distribution.

𝜃𝑖𝐿
𝑖
𝝅,𝒃(𝜋̃

𝑖) = E𝑠∼,𝒂−𝑖∼𝝅−𝑖 ,𝜺∼

{

∇𝜃𝑖𝑓𝜃𝑖 (𝑠; 𝜺)[∇𝑎𝑖𝑄𝜙(𝑠,𝒂−𝑖, 𝑎𝑖)

− 𝛼∇𝑎𝑖 log 𝜋̃𝑖(𝑎𝑖|𝑠)]|𝑎𝑖=𝑓𝜃𝑖 (𝑠;𝜺) − 𝛼∇𝜃𝑖 log 𝜋̃
𝑖(𝑎𝑖|𝑠)|𝑎𝑖=𝑓𝜃𝑖 (𝑠;𝜺)

}

.

(32)

It can be noticed that Eq. (32) is a general form of the MAD-
PG (Lowe et al., 2017) and can be seen as an extension of the
eterministic policy to any tractable stochastic policy. More clearly,
f the standard reward (𝛼 = 0) and deterministic policy (𝜺 = 0)
re applied, then the policy gradient (32) degenerates to that in the
ADDPG. Therefore, our derivations can be regarded as a theoretical

ustification for MADDPG to somewhat extent.
By adding the gradient of the KL penalty, the total policy gradient

s given by:

(𝜃𝑖) =∇𝜃𝑖𝐿
𝑖
𝝅,𝒃(𝜋̃

𝑖)

− 𝛽𝑖∇𝜃𝑖E𝑠∼{DKL(𝜋𝑖(⋅|𝑠) ∥ 𝜋̃𝑖(⋅|𝑠))}.
(33)

fter the update of 𝜋̃𝑖, the parameters of 𝜋𝑖 are updated according to
𝑖 ← 𝜆𝜃𝜃𝑖 + (1 − 𝜆𝜃)𝜃𝑖 with 𝜆𝜃 ∈ (0, 1].

The gradient for updating the KL penalty coefficient 𝛽𝑖 is

(𝛽𝑖) = E𝑠∼{DKL(𝜋𝑖(⋅|𝑠) ∥ 𝜋̃𝑖(⋅|𝑠))} − 𝛿𝑖. (34)

The approximated Q-function 𝑄𝜙 is updated by minimizing the
ollowing Huber loss:

(𝜙) = Ê(𝑠,𝒂,𝑟,𝑠′)∼{𝐇𝑑 (𝑄𝜙(𝑠,𝒂) − 𝑦𝑠)}, (35)

here the Huber loss function is defined as

𝑑 (𝑒) =

{

1
2 𝑒

2, 𝑒 ≤ 𝑑,
𝑑 ⋅ (|𝑒| − 1

2𝑑), otherwise,
(36)

and 𝑦𝑠 = 𝑟 + 𝛾(𝑄𝜙̄(𝑠′,𝒂′) − 𝛼 log𝝅(𝒂′|𝑠′)), where 𝒂′ ∼ 𝝅(⋅|𝑠′). 𝑄𝜙̄ is the
target value function used to stabilize the learning process (Mnih et al.,
2015). The parameters 𝜙̄ are updated from 𝜙 in the moving average,
that is, 𝜙̄ = 𝜆 𝜙+(1−𝜆 )𝜙̄ with 𝜆 ∈ (0, 1]. The Huber loss is a trade-off
𝜙 𝜙 𝜙
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between the mean squared error (MSE) and mean absolute error (MAE).
It is more robust to singular data and performs well in experiments.

Practical Algorithm: The pseudocodes of the proposed off-policy
ulti-agent stochastic policy gradient (MASPG) are listed in Algo-

ithm 1. To mitigate the overestimation problem of the Q function,
wo Q functions, 𝑄𝜙1 and 𝑄𝜙2 , are used, as in Fujimoto, Hoof, and
eger (2018). Therefore, 𝑦𝑠 in Eq. (35) is calculated by 𝑦𝑠 = 𝑟 +
(min𝑘∈{1,2} 𝑄𝜙̄𝑘 (𝑠

′,𝒂′) − 𝛼 log𝝅(𝒂′|𝑠′)), and ∇𝑎𝑖𝑄𝜙(𝑠,𝒂−𝑖, 𝑎𝑖) in Eq. (32)
hould be replaced with ∇𝑎𝑖 min𝑘∈{1,2} 𝑄𝜙𝑘 (𝑠,𝒂

−𝑖, 𝑎𝑖). Some studies
dopted a Q-function ensemble to further alleviate the overestimation
roblem and achieved excellent performance. However, the ensemble
echnique significantly increases the computation overheads so not
een adopted. For example, Fujimoto, Hoof, and Meger (2022) trained
n ensemble with ten Q-functions, which is much more computationally
xpensive than estimating two Q-functions.

Algorithm 1: Off-Policy MASPG
Initiate 𝜙𝑘, for 𝑘 ∈ {1, 2}, 𝜃𝑖,∀𝑖;  ← ∅

𝜙̄𝑘 ← 𝜙𝑘, for 𝑘 ∈ {1, 2}, 𝜃𝑖 ← 𝜃𝑖,∀𝑖.
for timestep 𝑡 = 0, 1,… ,∞ do

Each agent executes 𝑎𝑖𝑡 according to 𝜋𝑖(⋅|𝑠𝑡)
Receive the reward 𝑟𝑡
Transfer to 𝑠𝑡+1 ∼ 𝑃 (⋅|𝑠𝑡, 𝑎𝑡)
 ←  ∪ {𝑠𝑡,𝒂𝑡, 𝑟𝑡, 𝑠𝑡+1}
for G rounds update do

Randomly sample a mini-batch data from 
Apply gradient ascent on 𝜃𝑖 using 𝑔(𝜃𝑖),∀𝑖
Apply gradient descent on 𝛽𝑖 using 𝑔(𝛽𝑖),∀𝑖
Apply gradient descent on 𝜙𝑘 using ∇𝜙𝑘𝐽 (𝜙𝑘),∀𝑘
𝜃𝑖 ← 𝜆𝜃𝜃𝑖 + (1 − 𝜆𝜃)𝜃𝑖,∀𝑖
𝜙̄𝑘 ← 𝜆𝜙𝜙𝑘 + (1 − 𝜆𝜙)𝜙̄𝑘,∀𝑘

end for
end for

5. Experiments

In this section, to validate the performance of the proposed off-
policy MARL algorithm, we compare the proposed method with several
state-of-the-art algorithms for representative and challenging tasks. The
following subsections present the experimental settings, followed by a
demonstration of the learning results.

5.1. Simulation setups

Multi-Agent MuJoCo (Peng et al., 2021): The proposed algorithms
ill be compared with other baseline methods on the benchmark,
ulti-Agent MuJoCo (MaMuJoCo), which provides various challenging

asks of cooperative continuous multi-agent robotic control. MaMuJoCo
as developed based on the popular single-agent robotic MuJoCo

ontrol suite (Todorov, Erez, & Tassa, 2012), which is included in
penAI Gym (Brockman et al., 2016). MaMuJoCo separates a single

obotic agent into several independent agents, each of which comprises
ne or more robot parts connected by controllable joints. These agents
im to learn the optimal motion cooperatively. For example, in the
riginal MuJoCo in OpenAI Gym, task Humanoid has a 17-dimensional

continuous action space. In MaMuJoCo, a single humanoid robot is
partitioned into two agents, the lower and upper bodies, which have
9 and 8 dimensional continuous action spaces, respectively. The upper
and lower bodies need to coordinately learn how to run quickly. For
more detailed descriptions of MaMuJoCo please refer to Peng et al.
(2021) and their open-source repository4.

Compared Algorithms: Our method will mainly be compared with
the following baselines: (1) HATRPO (Kuba et al., 2022): An on-policy

4 Code of MaMuJoCo is available at https://github.com/schroederdewitt/
ultiagent_mujoco
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Table 1
Hyperparameters.
Parameter Value

Discount factor 𝛾 0.99
Target update factor 𝜆𝜃 , 𝜆𝜙 0.005
Learning rate for 𝜃𝑖 , 𝜙, 𝛽𝑖 {3, 3, 1} × 10−4

Optimizer for 𝜃𝑖 , 𝛽𝑖 , 𝜙 Adam (Kingma & Ba, 2015)
Number of hidden layer 2
Units per hidden layer 256
Weighting decay factor 10−4

Mini-batch size 256
Huber loss factor 𝑑 10
Update round 𝐺 1
Activation function ReLu
Buffer size || 106

Delta base 𝛿𝑏 0.1, 0.005, 0.001
Episode limit 1000 (200 for HumanoidStandup)

Multi-Agent trust-region-based MARL algorithm developed recently. It
has been claimed that HATRPO has achieved a new state-of-the-art
(SOTA) performance on MaMuJoCo. (2) MAPPO (Yu et al., 2022): An
MARL algorithm extended from the single-agent PPO, which achieved
success in many cooperative multi-agent tasks. (3) MADDPG (Lowe
et al., 2017): Multi-agent extension of DDPG. MADDPG in our imple-
mentation is slightly different from the original version. Because only
cooperative tasks are considered, all agents share the same critic rather
than separate ones as in the original implementation. Additionally, two
Q-functions are adopted to stabilize the training process.

Hyperparameters: The default hyperparameters of our method are
listed in Table 1. Polices and value functions are parameterized by
multilayer perceptron (MLP). L2-regularizer (i.e., weighting decay) is
adopted to relieve the overfitting. The delta base 𝛿𝑏 is the trust region
constraint in one action dimension. Consider the Humanoid (9|8) task in

aMuJoCo, where the two agents have 9 and 8 dimensional continuous
ction spaces. If 𝛿𝑏 = 0.005, the trust region constraint for the first agent
s 𝛿1 = 9×0.005 and that for the second is 𝛿2 = 8×0.005. It is found that
ll three provided 𝛿𝑏 work well when an appropriate 𝛼 is adopted. The
pisode limit is the maximum length of each episode during the training
rocess. The entropy coefficient 𝛼 is the only parameter that needs
o be tuned across tasks because the reward scale varies in different
cenarios. For HumanoidStandup (the task name in MaMuJoCo), 𝛼 is
et to 0.5. For Walker2d, 𝛼 = 0.04. For Swimmer and HalfCheetah, 𝛼

is learned by using the automation-adjusting technique in Haarnoja,
Zhou, Hartikainen, et al. (2018). For other tasks, 𝛼 = 0.1.

For MADDPG, the same settings listed in Table 1 are adopted,
where the entropy coefficient 𝛼 and terms related to 𝛽𝑖 are removed
because MADDPG uses the deterministic policy and has no trust region
constraint. The exploration noise is set to 0.2. For HATRPO, the default
hyperparameters in Kuba et al. (2022) are adopted, and for some tasks
that they did not conduct experiments on (such as Hopper), the default
setting in Kuba et al. (2022) for Ant is used. For MAPPO, the discount
and GAE (generalized advantage estimation) factor are set to be 0.99
and 0.95, respectively. The PPO clip range is 0.2. The policy and value
functions are parameterized using the two-layer ReLu-activated MLP
with 256 units. The parameters of the neural networks are shared
among agents, whereas the state (or observation) is appended with a
one-hot agent index to allow the neural networks to distinguish the
input of different agents. The batch size is 4000. The number of mini-
batch is 16 (8 in Ant). The PPO epoch is 10 (8 in Ant). The learning
rate is 4 × 10−4.

5.2. Learning results

In this subsection, the learning results of our algorithm are com-
pared with those of other baseline methods. Unless otherwise speci-

fied, all the experiments are conducted in a fully observable setting.

https://github.com/schroederdewitt/multiagent_mujoco
https://github.com/schroederdewitt/multiagent_mujoco
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Fig. 1. The learning results of our algorithm compared with other MARL algorithms, including MAPPO, MADDPG and HATRPO.
Table 2
The average returns of both MARL algorithms with CTDE and Single-agent RL algorithms with fully centralized control. For each task, the
highest score and those within 5% difference are bold.

CTDE Fully centralized control

Ours MADDPG MAPPO HATRPO HARL Meta-SAC GEM AQE ED2 T-PPO

Reacher −3.87 −3.49 −34.13 −117.07 −4.9 / / / / −6.4
Swimmer 140.55 121.22 112.72 116.10 132.2 / 151.89 / / 120.55
Hopper 3707 3217 3225 3187 3620 3408 3100 3541 3513 3510
HalfCheetah 16761 12 170 7145 5199 8750 / 13 190 13 093 / 5188
Walker2d 6293 5814 5165 4008 6250 5738 5105 5517 6237 4210
Ant 7303 6996 2694 4282 6010 6521 5536 7345 6962 /
HumanoidStandup 300937 120 498 155 202 144 082 / / / / / /
Humanoid 10443 354.57 4613 2853 6750 9295 6013 8680 7304 7344
HATRPO is implemented using its open-source code. MADDPG and
MAPPO are implemented with our fine-tuned codes, which consistently
outperform (will be shown in Fig. 1 later) the results reported in Kuba
et al. (2022) across most tasks. In some tasks, the two on-policy
algorithms, HATRPO and MAPPO, are run for more environment steps.

The average return is estimated as 1
𝐾
∑𝐾

𝑘=1
∑𝑇max

𝑡=1 𝑟𝑘𝑡 , where 𝐾 ≥
5 represents the number of independent runs, 𝑇max = 1000 is the
maximum episode length, and 𝑟𝑘𝑡 denotes the reward at time step 𝑡 in
the 𝑘th round of experiments. Parentheses after the task name in each
subcaption indicate the partition mode. For example, Ant (2 × 4) means
that the robot in the Ant task is divided into 2 agents, each with a
4-dimensional continuous action space. Similarly, Humanoid (9|8) indi-
cates the presence of two agents: one with a 9-dimensional continuous
action space, and the other with an 8-dimensional continuous action
space.
617
As illustrated in Fig. 1, our algorithm consistently outperforms all
other compared methods (except for a tie with MADDPG on Reacher
(2 × 1)), exhibiting significant performance advantages. Notably, the
proposed method demonstrates exceptional capabilities for the most
challenging tasks, namely, Humanoid (9|8) and HumanoidStandup (9|8),
which involve a 17-dimensional action space. By comparing Figs. 1(d)
and 1(e), where HalfCheetah is partitioned into 2 × 3 and 6 × 1
respectively, it is evident that the performance gaps between our
method and its counterparts (especially MADDPG) increase as the
number of agents increases. These results highlight the superiority
of our algorithm in handling multi-agent tasks. In addition, the fine-
tuned MADDPG achieves comparable performances on several tasks
such as Reacher, Walker2d, and Ant. However, it still fails to perform
well on more complex tasks such as Humanoid and HumanoidStandup.
The experimental findings suggest that MADDPG quickly converges
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Fig. 2. The learning results of our algorithm compared with MAPPO and MADDPG on the partial observation setting.
Fig. 3. The (a) sample efficiency and (b) time complexity with different update round
𝐺 on the task Walker2d (2 × 3).

to a local optimum point in these two missions despite employing a
large amount of exploration noise. This behavior is likely attributable
to deterministic policies that easily fall into the saturation region of
tanh(⋅) within squashed Gaussian policies, leading to vanishing policy
gradients.

In addition, we would like to further discuss the experiments con-
ducted on the HumanoidStandup (9|8) task. This task aims to train a
humanoid robot to stand up in a prone position, with the primary objec-
tive being the absolute height of the robot’s head from the ground. The
proposed algorithm was evaluated for this task through 15 independent
runs, as indicated by the red shadows in Fig. 1(h). The experiments
indicated that the proposed algorithm has encountered challenges re-
lated to local optima during this task. Specifically, although the best
result achieved scores of up to 4×105, there were instances in which the
performance was as low as 2×105. Overall, only 7∕15 runs successfully
learned how to stand. Despite the challenges faced by our algorithm to
some extent, it still outperforms all other compared methods that can
only achieve a sitting-up posture. To the best of our knowledge, this
is the first successful application of a model-free method for training a
humanoid robot to stand up in the HumanoidStandup task.

Comparisons with fully centralized control. In Table 2, to further
validate the performance of our algorithm, our method is compared
with an MARL method in CTDE framework, Heterogeneous-Agent Re-
inforcement Learning (HARL) (Zhong et al., 2023)5, and five recently

5 HARL is a general framework introduced by Zhong et al. (2023), and
there are several specific methods under the HARL. The highest scores across
all these methods are listed in Table 2.
618
developed SOTA single-agent RL algorithms that implement fully cen-
tralized control, including meta soft actor–critic (Meta-SAC) (Wang
& Ni, 2020), Generalizable Episodic Memory (GEM) (Hu, Ye, Zhu,
Ren, & Zhang), Aggressive Q-Learning with Ensembles (AQE) (Fu-
jimoto et al., 2022), Ensemble Deep Deterministic Policy Gradients
(ED2) (Januszewski et al., 2021) and Truly PPO (T-PPO) (Wang, He,
& Tan, 2020). The highest reported results from these studies were
used. The slashes in the table indicate that the corresponding results
were not provided in their papers. The results of task HalfCheetah
under the CTDE framework refer only to the partition mode (2 × 3).
For each task, the highest scores and those within a 5% difference
are highlighted. Table 2 demonstrates that the proposed algorithm
outperforms the other MARL algorithms under CTDE and single-agent
RL with fully centralized control for almost all tasks. This further
validates the effectiveness of the proposed method. Additionally, it can
be observed that none of these methods have conducted experiments
for HumanoidStandup, which is probably one of the most challenging
tasks in (Ma)MuJoCo.

Comparisons in the partial observation setting. In Fig. 2, the
proposed algorithm is compared with baseline MARL algorithms on
three tasks in the partial observation setting. For all these tasks, 𝑜𝑏𝑠𝑘 =
2, which is the configurable parameter in the code of MAMuJoCo used
to adjust the extent of partial observation (see Appendix A in Peng
et al. (2021) for more details). Because the code of HATRPO did not
provide implementation for the partial observation setting, we only
present the comparison results with MADDPG and MAPPO. Fig. 2 shows
that in the partial observation setting, although the average returns are
unsurprisingly reduced due to the absence of information, our proposed
algorithm still achieves higher returns than other methods.

Sample and time efficiency. Fig. 3 illustrates the sample and time
efficiency for different update rounds 𝐺 for the Walker2d (2 × 3) task.
Fig. 3(a) shows that increasing 𝐺 significantly improves the sample
efficiency, highlighting the advantage of off-policy implementation
over on-policy algorithms. This is in contrast to the findings of an on-
policy algorithm (Cobbe, Hilton, Klimov, & Schulman, 2021), where
increasing the data reuse frequency during policy training actually
leads to reduced performance. Notably, our algorithm achieves a score
surpassing 5000 using only approximately 8×105 samples when 𝐺 = 5,
compared with approximately 2 million steps required when 𝐺 = 1.
However, after one million steps, the improvement rate for the case
of 𝐺 = 5 decreases and exhibits some fluctuations, possibly because
high-frequency data reuse causes neural network overfitting. Fig. 3(b)
shows the average return versus training time relationship. The time
consumed per step is basically proportional to 𝐺, which is relatively
expensive. In real-world scenarios, the training intensity can be ad-
justed based on practical requirements. For instance, in cases where
data collection is costlier than computational devices (e.g., GPUs), a
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Fig. 4. (a) The average KL divergence with different optimizer, and (b) the impacts
brought by the KL penalty with/without entropy augmentation.

larger value of 𝐺 is recommended to enhance data efficiency and vice
versa.

Impact of KL divergence. In Fig. 4, the impact of the KL penalty on
the average return is studied, where the experiments are conducted on
Ant (2 × 4). First, the effectiveness of the proposed method in constrain-
ing the KL divergence is verified. Fig. 4(a) presents the average KL di-
vergence of the first agent’s policy estimated by 1

𝑇max

∑𝑇max
𝑡=1 DKL(𝜋1(⋅|𝑠𝑡) ∥

𝜋̃1(⋅|𝑠𝑡)), where Adam and naive stochastic gradient descent (SGD)
optimizers are applied to update 𝛽𝑖. Here, the delta base 𝛿𝑏 = 0.001;
therefore, the target KL divergence is 4 × 0.001 = 0.004. The results
demonstrate that the proposed method can effectively limit the average
KL divergence to values close to the target value. The learning curves
under different KL constraints are presented in Fig. 4(b). The legend
‘‘No KL term’’ indicates that no KL penalty term is applied (𝛽𝑖 =
0,∀𝑖). Without any KL constraint (𝛼 = 0), the learning performance
is significantly poor, even with a decrease in the average return after
one million steps. However, when introducing the KL constraint, there
is a substantial improvement in the average return, highlighting the
necessity of restraining the policy update size. Interestingly, when
entropy is added to the reward, the algorithm performs well without
applying the KL penalty. This may be because maximizing the entropy
of the policy also prevents aggressive update steps to some extent.
Although the KL divergence and entropy are not necessarily correlated
in theory, it is found in experiments (not shown in this paper) that
increasing 𝛼 can also effectively reduce the KL divergence. In the case
with 𝛼 = 0.1 and 𝛿𝑏 = 0.001, the algorithm achieves better performance
than the case with 𝛼 = 0.1 and No KL term, which further validates the
effectiveness of incorporating the KL penalty term.

6. Conclusions and further work

This study presents a novel off-policy algorithm for the MARL.
Specifically, a more tractable approximation of the original MARL
objective was developed that could effectively utilize off-policy data
for the estimation. In addition, an entropy-augmented reward was
introduced to enhance policy exploration. It has been proven that max-
imizing the proposed objective while constraining the KL divergence of
policies guarantees a monotonic improvement in the original objective.
Based on this monotonic improvement property, an off-policy MARL
algorithm was proposed that safely updates the policy with the help
of trust-region constraints. The proposed algorithm was tested on the
MAMuJoCo benchmark, which provides various challenging tasks for
continuous control. The experimental results demonstrated superior
average returns compared with existing MARL algorithms under CTDE
as well as state-of-the-art single-agent RL methods with fully centralized
control, and exhibited reliable restraint of KL divergence.

In future work, a promising research direction is to improve the
performance of the algorithm in handling tasks with a larger number
619

of agents. With an increase in the number of agents, the multi-agent
credit assignment problem (see Foerster et al., 2018; Hu et al., 2022 for
introduction) becomes severe. A promising scheme to address this issue
is to apply the Shapley Value method to allocate the value function
and introduce attention mechanisms to adapt the proposed algorithm
to large-scale settings.
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Appendix A. Proof of Lemma 1

This proof follows the similar line in Schulman et al. (2015).

E𝜏∼𝝅̃{
∞
∑

𝑡=0
𝛾 𝑡[𝐴𝝅 (𝑠𝑡,𝒂𝑡) + 𝛼 log

𝝅(𝒂𝑡|𝑠𝑡)
𝝅̃(𝒂𝑡|𝑠𝑡)

]}

= E𝜏∼𝝅̃{
∞
∑

𝑡=0
𝛾 𝑡[𝑄𝝅 (𝑠𝑡,𝒂𝑡) − 𝑉 𝝅 (𝑠𝑡) − 𝛼 log 𝝅̃(𝒂𝑡|𝑠𝑡)]}

= E𝜏∼𝝅̃{
∞
∑

𝑡=0
𝛾 𝑡[𝑟𝑡 + 𝛾𝑉 𝝅 (𝑠𝑡+1) − 𝑉 𝝅 (𝑠𝑡) − 𝛼 log 𝝅̃(𝒂𝑡|𝑠𝑡)]}

= −E𝜏∼𝝅̃{𝑉 𝝅 (𝑠0)} + E𝜏∼𝝅̃{
∞
∑

𝑡=0
𝛾 𝑡[𝑟𝑡 − 𝛼 log 𝝅̃(𝑎𝑡|𝑠𝑡)]}

= −𝜂(𝝅) + E𝜏∼𝝅̃{
∞
∑

𝑡=0
𝛾 𝑡[𝑟𝑡 + 𝛼(𝝅̃(⋅|𝑠𝑡))]}

= −𝜂(𝝅) + 𝜂(𝝅̃)

(A.1)

Rearranging, Lemma 1 follows. □

Appendix B. Proof of Proposition 1

In this proof, the scaled entropy term is omitted for shortness,
i.e., 𝛼 = 0. It can be easily proved that the results still hold when 𝛼 > 0.
For each 𝑖, it has

∇𝜽̃E𝑎∼𝝅{
𝜋̃𝑖(𝑎𝑖|𝑠)
𝜋𝑖(𝑎𝑖|𝑠)

𝐴𝝅 (𝑠,𝒂)}|𝜽̃=𝜽

= E𝑎∼𝝅{
∇𝜃𝑖 𝜋̃𝑖(𝑎𝑖|𝑠)
𝜋𝑖(𝑎𝑖|𝑠)

[𝑄𝝅 (𝑠,𝒂) − 𝑉 𝝅 (𝑠)]}|𝜽̃=𝜽

(𝑒)
= E𝑎∼𝝅{

∇𝜃𝑖 𝜋̃𝑖(𝑎𝑖|𝑠)
𝜋𝑖(𝑎𝑖|𝑠)

𝑄𝝅 (𝑠,𝒂)}|𝜽̃=𝜽

= E𝑎∼𝝅{∇𝜃𝑖 log 𝜋̃
𝑖(𝑎𝑖|𝑠)𝑄𝝅 (𝑠,𝒂)}|𝜽̃=𝜽,

(B.1)

where (e) holds due to E𝑎∼𝝅{
∇𝜃𝑖 𝜋̃

𝑖(𝑎𝑖|𝑠)
𝜋𝑖(𝑎𝑖|𝑠) 𝑉 𝝅 (𝑠)} = 0. Then, plugging (B.1)

into 𝐿𝝅,𝒃(𝝅̃)|𝜽̃=𝜽,

∇𝜃𝑖𝐿𝝅,𝒃(𝝅̃)|𝜽̃=𝜽

=
𝑁
∑

𝑖=1
E𝑠∼𝜌𝒃 ,𝑎∼𝝅{∇𝜃𝑖 log 𝜋̃

𝑖(𝑎𝑖|𝑠)𝑄𝝅 (𝑠,𝒂)}|𝜽̃=𝜽

= E𝑠∼𝜌𝒃 ,𝑎∼𝝅{∇𝜽̃ log
𝑁
∏

𝑖=1
𝜋̃𝑖(𝑎𝑖|𝑠)𝑄𝝅 (𝑠,𝒂)}|𝜽̃=𝜽

= E𝑠∼𝜌𝒃 ,𝑎∼𝝅{∇𝜽̃ log 𝝅̃(𝒂|𝑠)𝑄
𝝅 (𝑠,𝒂)}|𝜽̃=𝜽

= E𝑠∼𝜌𝒃{
∑

𝒂
∇𝜽̃𝝅̃(𝒂|𝑠)𝑄

𝝅 (𝑠,𝒂)}|𝜽̃=𝜽.

(B.2)

Recall that 𝜽′ = 𝜽 + 𝛼𝜃∇𝜃𝑖𝐿𝝅,𝒃(𝝅̃)|𝜽̃=𝜽. With tabular represented
policies, there must exists an appropriate 𝛼𝜃 such that for all 𝑠,
∑

𝝅(𝒂|𝑠)𝑄𝝅 (𝑠,𝒂) ≤
∑

𝝅′(𝒂|𝑠)𝑄𝝅 (𝑠,𝒂). (B.3)

𝒂 𝒂
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Repeatedly using the relationship in (B.3),

𝑉 𝝅 (𝑠) =
∑

𝒂
𝝅(𝒂|𝑠)𝑄𝝅 (𝑠,𝒂) ≤

∑

𝒂
𝝅′(𝒂|𝑠)𝑄𝝅 (𝑠,𝒂)

=
∑

𝒂
𝝅′(𝒂|𝑠)[𝑟(𝑠,𝒂) + 𝛾

∑

𝑠′
𝑃 (𝑠′|𝑠,𝒂)𝑉 𝝅 (𝑠′)]

≤
∑

𝒂
𝝅′(𝒂|𝑠)[𝑟(𝑠,𝒂)

+ 𝛾
∑

𝑠′
𝑃 (𝑠′|𝑠,𝒂)

∑

𝒂′
𝝅′(𝒂′|𝑠′)𝑄𝝅 (𝑠′,𝒂′)]

⋮

≤
∑

𝒂
𝝅′(𝒂|𝑠)𝑄𝝅′ (𝑠,𝒂)

= 𝑉 𝝅′ (𝑠)

(B.4)

Since (B.4) holds for all 𝑠 ∈ , then 𝜂(𝝅′) ≥ 𝜂(𝝅) holds. □

Appendix C. Proof of Theorem 1

At the beginning of this proof, the following useful lemmas are
given.

Lemma 3. For any two policy 𝜋1 and 𝜋2, and an arbitrary bounded
function 𝑓 ∶  → R, it holds that

|E𝑠∼𝜌𝜋1
{𝑓1(𝑠)} − E𝑠∼𝜌𝜋2

{𝑓2(𝑠)}|

≤ E𝑠∼𝜌𝜋1
{max

𝑠
|𝑓1(𝑠)|} + E𝑠∼𝜌𝜋2

{max
𝑠

|𝑓2(𝑠)|}

= max
𝑠

|𝑓1(𝑠)|E𝑠∼𝜌𝜋1
{1} + max

𝑠
|𝑓2(𝑠)|E𝑠∼𝜌𝜋2

{1}

(𝑒)
=

max𝑠 |𝑓1(𝑠)| + max𝑠 |𝑓2(𝑠)|
1 − 𝛾

,

(C.1)

here the equality (e) in Eq. (C.1) holds due to E𝑠∼𝜌𝜋 {1} =
∑

𝑠 𝜌𝜋 (𝑠) =

𝑠
∑∞

𝑡=0 𝛾
𝑡𝑃 (𝑠𝑡 = 𝑠|𝜋) = 1

1−𝛾 .

Lemma 4.

Dmax
KL (𝜋𝑖, 𝜋̃𝑖) ≥ 2Dmax

TV (𝜋𝑖, 𝜋̃𝑖)2 (C.2)
max
KL (𝝅̃,𝝅) ≤ 𝑁 max

𝑖
Dmax
KL (𝜋̃𝑖, 𝜋𝑖), (C.3)

here the total variance distance is defined as DTV(𝜋𝑖(⋅|𝑠) ∥ 𝜋̃𝑖(⋅|𝑠)) =
1
2
∑

𝑎𝑖 |𝜋̃
𝑖(𝑎𝑖|𝑠) − 𝜋̃𝑖(𝑎𝑖|𝑠)|, and Dmax

TV (𝜋𝑖, 𝜋̃𝑖) = max𝑠 DTV(𝜋𝑖(⋅|𝑠) ∥ 𝜋̃𝑖(⋅|𝑠)).

Proof. For Eq. (C.2), according to Pollard (2009), it holds that
DKL(𝜋𝑖(⋅|𝑠) ∥ 𝜋̃𝑖(⋅|𝑠)) ≥ 2DTV(𝜋𝑖(⋅|𝑠) ∥ 𝜋̃𝑖(⋅|𝑠))2. Taking the max operator
on state 𝑠, the inequality still holds.

For Eq. (C.3), the KL divergence is additive for independent proba-
bility distributions, that is,

DKL(𝝅̃(⋅|𝑠),𝝅(⋅|𝑠)) =
𝑁
∑

𝑖=1
DKL(𝜋̃𝑖(⋅|𝑠) ∥ 𝜋𝑖(⋅|𝑠)). (C.4)

Then taking maximum over 𝑠 on both sides and further taking maxi-
mum on 𝑖 on the right side yields Eq. (C.3). □

Let us recall Eq. (13),

𝜂(𝝅̃) = 𝜂(𝝅)+E𝑠∼𝜌𝝅̃ ,𝑎∼𝝅̃{𝐴
𝝅 (𝑠,𝒂) − 𝛼 log

𝝅̃(𝑎|𝑠)
𝝅(𝑎|𝑠)

}

= 𝜂(𝝅)+E𝑠∼𝜌𝝅̃ ,𝑎∼𝝅̃{𝐴
𝝅 (𝑠,𝒂)}

−𝛼E𝑠∼𝜌𝝅̃ {DKL(𝝅̃(⋅|𝑠) ∥ 𝝅(⋅|𝑠))},

(C.5)

and Eq. (14),

𝐿𝝅,𝒃(𝝅̃) = 𝜂(𝝅)+
𝑁
∑

𝑖=1
E𝑠∼𝜌𝒃 ,𝑎∼𝝅{

𝜋̃𝑖(𝑎𝑖|𝑠)
𝜋𝑖(𝑎𝑖|𝑠)

𝐴𝝅 (𝑠,𝒂)}
(C.6)
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−𝛼E𝑠∼𝜌𝒃{DKL(𝝅̃(⋅|𝑠) ∥ 𝝅(⋅|𝑠))}.
The last terms on the right hand side (RHS) of Eq. (C.5) and (C.6) are
first considered. According to Lemma 3, it can easily be obtained that

E𝑠∼𝜌𝝅̃ {DKL(𝝅̃(⋅|𝑠) ∥ 𝝅(⋅|𝑠))}

≤ E𝑠∼𝜌𝒃{DKL(𝝅̃(⋅|𝑠) ∥ 𝝅(⋅|𝑠))} +
2Dmax

KL (𝝅̃,𝝅)
(1 − 𝛾)

.
(C.7)

Then, the second terms on RHS of Eqs. (C.5) and (C.6). In Guo et al.
(2020), it had been proved that

E𝑎∼𝝅̃{𝐴𝝅 (𝑠,𝒂)} ≤ 2𝑁𝜖 ⋅max
𝑖

Dmax
TV (𝜋𝑖, 𝜋̃𝑖),

𝑁
∑

𝑖=1
E𝑎∼𝝅{

𝜋̃𝑖(𝑎𝑖|𝑠)
𝜋𝑖(𝑎𝑖|𝑠)

𝐴𝝅 (𝑠,𝒂)} ≤ 2𝑁𝜖 ⋅max
𝑖

Dmax
TV (𝜋𝑖, 𝜋̃𝑖),

(C.8)

here 𝜖 = max𝑠,𝒂 |𝐴𝝅 (𝑠,𝒂)|. Using Lemma 3 and Eq. (C.8), it can be
urther obtained that

𝑠∼𝜌𝝅̃ ,𝑎∼𝝅̃{𝐴
𝝅 (𝑠,𝒂)} ≥

𝑁
∑

𝑖=1
E𝑠∼𝜌𝒃 ,𝑎∼𝝅{

𝜋̃𝑖(𝑎𝑖|𝑠)
𝜋𝑖(𝑎𝑖|𝑠)

𝐴𝝅 (𝑠,𝒂)}

− 4𝑁𝜖
1 − 𝛾

max
𝑖

Dmax
TV (𝜋𝑖, 𝜋̃𝑖) (C.9)

By utilizing Eqs. (C.7) and (C.9), it is obtained that

(𝝅̃) ≥ 𝐿𝝅,𝒃(𝝅̃) −
4𝑁𝜖
1 − 𝛾

max
𝑖

Dmax
TV (𝜋𝑖, 𝜋̃𝑖)

− 2𝛼
(1 − 𝛾)

Dmax
KL (𝝅̃,𝝅).

(C.10)

Finally, applying Lemma 4 on Eq. (C.10), it is obtained that

𝜂(𝝅̃) ≥ 𝐿𝝅,𝒃(𝝅̃) −
2𝑁𝜖
1 − 𝛾

max
𝑖

√

Dmax
KL (𝜋𝑖, 𝜋̃𝑖)

− 2𝑁𝛼
(1 − 𝛾)

max
𝑖

Dmax
KL (𝜋̃𝑖, 𝜋𝑖).

(C.11)

This completes the proof of Theorem 1. □

Appendix D. Squashed Gaussian policy

The squashed Gaussian policy is briefly introduced in this appendix.
Let 𝝁𝜃𝑖 (𝑠) and 𝝈𝜃𝑖 (𝑠) be the mean and standard variance vectors output
y the neural network structure of the policy 𝜋𝑖. The random noise 𝜺 is
ampled from the standard Normal distribution  (𝟎, 𝐈). The unbounded
aw action is represented by 𝑢𝑖 = 𝝁𝜃𝑖 (𝑠) + 𝝈𝜃𝑖 (𝑠) ⊙ 𝜺, where ⊙ denotes
he element-wise product. Then, the unbounded action is squashed into
−1, 1) by the hyperbolic tangent function
𝑖 = 𝑓𝜃𝑖 (𝑠; 𝜺) = tanh(𝑢𝑖). (D.1)

he log-probability has the following form,

og𝜋𝑖(𝑎𝑖|𝑠) = log 𝜈(𝑢𝑖|𝑠) −
𝐾
∑

𝑘=1
log(1 − tanh2(𝑢𝑖𝑘)), (D.2)

here 𝜈 is the probability density function of normal distribution
(𝝁𝜃𝑖 (𝑠),𝝈2

𝜃𝑖
(𝑠)), and 𝑢𝑖𝑘 is 𝑘th element of 𝑢𝑖.

It should be stressed that squashing does not affect the KL diver-
ence (Andrychowicz et al., 2020), i.e.,

KL(𝜋𝑖(⋅|𝑠) ∥ 𝜋̃𝑖(⋅|𝑠)) = DKL(𝜈𝑖(⋅|𝑠) ∥ 𝜈̃𝑖(⋅|𝑠)). (D.3)
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